I. VARIATIONAL
A. LHO with 1/(1 + 2?) test function

Find an approximate ground state energy of the linear harmonic oscillator using a testing

function ¢ = where A is a normalisation constant and B is a parameter. What is

A
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the local energy?

Solution:

We first find the value of the normalisation constant A. For the wavefunction to be

normalised [ ¢*¢ = 1, therefore
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As the result needs to be equal to one, we obtain

where the first part is the kinetic energy and the latter is the potential energy.

We first evaluate the expectation value of the kinetic energy for the testing function
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Omitting the constants, the two terms integrate to 7/(16B%/2) and 37 /(8B'/?), respectively.

The final dependence of the kinetic energy on the parameter B is then
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For the potential energy, we obtain
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The integral is 7/(2B%?) so that the kinetic energy dependence is
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The total energy then depends on the parameter B as
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To find the extrema, we differentiate with respect to B
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Setting the result to zero gives us the following condition for B:
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The total energy at this value of B is then
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which is the final result. Note that the estimate is quite above the exact value of %ﬁ Another
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thing to note is that the expectation values of the potential and kinetic energies are identical,

which is in accordance with the virial theorem.



B. Hydrogen atom with gaussian

Find an estimate of the ground state energy of the hydrogen atom using a test function
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1) = Nexp(—ar?). The Hamiltonian of a hydrogen atom is H = 2 -
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Useful integrals:

Solution:

We first find the normalisation constant NV:

L= (i) = N [ e

The function has a spherical symmetry and thus we change the coordinates to spherical:
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Integrating over ¢ and 6 yields the usual 47 factor, leading to
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Hence N = (2—0‘)3/4.
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We now calculate the expectation value of the kinetic energy as a function of the vari-

ational parameter «, (|T'|¢)(a). Due to spherical symmetry, only the radial part of the

Laplacian T%d%rzd% needs to be considered and we first calculate the action of the Laplacian

on the wavefunction :
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The expectation value can be now obtained by integrating 7' over entire space, considering



again spherical symmetry and integrating out the 6 and ¢ coordinates to gain 4:
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The expectation value of the potential energy is again straightforward to calculate in spher-
ical coordinates
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We use a substitution u = 2ar?, du = 4ardr to write
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Collecting both results we find the energy dependence on the parameter o to be
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To find a stationary point of the dependence we compute the derivative
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Setting the derivative equal to zero yields for y/a:

22 me?
3 dmegh®\/m

The energy corresponding to this value of « is then
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The energy expression can be simplified considering that h—";( )? is one Hartree or two
Rydbergs, the energy of the hydrogen 1s state. (We could also simply switch into atomic

units which would eliminate all these constants.) We therefore gain
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The energy is above the correct result of one Rydberg, as expected.
Also note that at the optimal «, the kinetic energy contribution is minus one half of
the potential energy. This is in agreement with the virial theorem for the potential of the

hydrogen atom.

C. Particle in r%/2? potential

A charged particle moves in a field of a spherically symmetric three dimensional potential
V= —rg%, where 72 = 2% + y? + 22. Using a testing function ¢ (r, 0, p) = \/ge_g’“, where

k > 0 is a parameter,
e validate that 1) is normalised;

e find variationally an approximate ground state energy.

Tha Laplace operator in three dimensions equals T%% (7’2%) + ATQQ’“’ and the Jacobi factor
is 72 sin 0.
Solution:

For 1 to be normalised [ d®r¢*i needs to equal 1. The integral is
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We now use integration by parts to find
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The function is indeed normalised.




To obtain an upper estimate of the ground state energy, we find the expectation values

of the kinetic and potential energies on the parameter k. First, we calculate the action of
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We now use this result to find the expectation value of the kinetic energy
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The expectation value of the potential energy can be calculated as
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So that

(B[V]®) = —g* Y =

Hence the energy depends on the parameter k as
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Taking a derivative to find the extrema gives
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The extrema at the limit £ = 0 gives a constant wavefunction with energy equal to zero.

The extrema at
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which is our final estimate for the ground state energy of the system.

D. No matrix element no fun

Assume a Hamiltonian of a system for two states v, and v, is

E, 0
0 E

Show that no better solution can be found variationally than F, and Ej,.



Solution:
We form the trial wavefunction as [¢)) = cosp|i,) + sing|iy). This is normalised. The

energy expectation value using ¢ as a parameter is then

E =(cosp(a| + sinp(i|) H(cospltha) + sinp|is))
=cos* (el H|Va) + sin (1| H|thy) + cospsing(s|H[1ha) + sinpcos (Vo] Hty) .

As the matrix element between the two functions |1),) and |iy) is zero, (¢p|H|1,) = 0, the

last two terms drop out. The final expression for energy reads

E(p) = cos®p(val Htha) + sinp (v H|t) . (1)

We find the extrema of E(p) by differentiating w.r.t. ¢ as
dE(p)
dp

The expression is equal to zero if i) sing = 0 in which case 1)) = [1),). ii) cosp = 0 in which

— —2cosipsing (tha| Hltha) + 2singcosi(n H|y) . (2)

case ) = |¢p). i) Hu, = Hy, and the two vectors are degenerate with any combination

giving identical energy. In the first two cases, clearly no mixing of the states is allowed.

E. Rotator with cos’p perturbation

The wavefunctions of a rotator are v, = \/%fﬂexp(ingp) with n € Z.

II. PERTURBATION THEORY
A. LHO with Az°® potential

The V = %mw2$2potential of linear harmonic oscillator changes to Ax°, in the first order
of the perturbation theory, calculate the energy of the ground state for the new potential.
Solution:

The original Hamiltonian reads

2
1
=2 + §mw2x2

and in the perturbed Hamiltonian, V' = Az%. The perturbing potential is then

1
V' = Azb — émw%z



In the first order of perturbation theory, we need to obtain the expectation value of V'
ocz2 .
for a given state. The ground state wavefunction is U = (a/7)1e*s, with a = T The

change of the energy of the ground state is then

AEy =(0|V’|0)
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The expectation value of the original potential is half of the ground state energy, due to

virial theorem.

B. LHO with doubled potential

Consider a particle with mass m moving in a field of harmonic potential with frequency
w. The frequency changes so that the potential is doubled. Show that the new ground state
energy is exactly E = v2E, = fhw Use perturbation theory to obtain the energy through
third order.

Solution:

The Hamiltonian of the LHO is

2
1

H = 7 + mw2x2
2m 2

and the corresponding energies are E, = hw(n + %) When the potential is doubled, the

frequency changes to a new frequency w’ which can be obtained as follows

We see that the new frequency is v/2 times the original one. The energies for the new

potential are then E! = hw'(n + 1) = v2hw(n + ).
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The change of the energy in the first order of parturbation theory is given by AE! =
(|V']4). For the ground state this is

AEy =(0[v’[0)
1
:(0|§mw2x2|0>
1
:Zhw s

where in the last step we used the virial theorem which gives for LHO that the mean value
of the potential energy is one half of the total energy.
Alternatively, the expectation value can be evaluated using the the raising (a) and low-

ering a® operators for LHO and considering x = \%(a +a™). For 22 we than obtain

9 a? o? 9 2 o’ 2 2
T :E(&+a+)(a—|—a+): 7(@ +a™" +aat +ata) 27(6 +a" +2a"a+1)

With a = ,/% The expectation value of the perturbing potential V' = %moﬂxQ is then

1 h
(0[V']0) =Zmeo? 5——(0]a* + a™® + 2a"a + 1/0)

:iwomm

:%hw.
In the last step we used the fact that the terms (0[a2|0) and (0|a*?|0) are zero as they result
in a different state on the right and on the left. Moreover, the term (0la™a|0) is zero as
al0) = 0, so that only the identity operator remains. The final result is then identical to
the one obtained from the knowledge of the virial theorem. Finally, an explicit integration
could be performed as well to obtain the result.

Therefore, in the first order of perturbation theory, we find that the estimated value of

the ground state energy for the perturbed system is

1 1
Ey = §hw + Zhw = %hw. (3)

This is above the exact result of %ihw.

The correction to the energy in the second order is

[e.@] . / 2
T i U

€0 — €5
j#0 0
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For the perturbation 22 ~ a® + at’+2ata+ 1, only the matrix element between the ground
state and the second excited state will be non-zero, as a result of the action of the at?
operator. Therefore, the expression for the energy correction simplifies to

m?w! ot |(2]a*’|0)]?

4 Z €p — €2 ’

AES =

where the first fraction comes from the square of %mw2 and the second fraction from the

square of the %2 coefficient. Using a® = - & = 2fiw, and a*|n) = v/n + 1|n + 1) we find

2,4 p2 9|2
AES :m -~ 1 |\/_|5
4 4m2w? shw — Shw
Wwih? 2
16 —2hw

As expected for ground state energy, the second order correction is negative.

The correction to within second order is then

1 1 hw 1 11

The factor % — 1.375 is now closer to the v/2 ~ 1.414.

The correction to the ground state energy in third order can be written as

AR -3y WYV
20 k20 €0 — €x) (€0 — €5)
-~ ooy Y- WL
j#0 0 )
For a matrix element of the 22 perturbation to be non-zero, the quantum number needs
to differ by two (in both directions), or needs to stay constant. Considering that neither j
nor k can be the ground state in the first expression, a non-zero contribution comes only
from j = k = 2 in the first expression. In the second expression, j = 2, as in the second
order. Explicit evaluation of the terms gives %hw for the first term and ETh;; for the latter.

Overall, third order contributes %hw to the energy, giving

1
E3 =1.4375 - Ehw. (5)
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Comparing the results to sums for v/2, we find that the formula

\/izkz_o(_DkJrl (22{:2;)?‘)” (6)

1 1-3 1-3-5
—— 4+

1
2 947216 2468 (7)

-1+

gives identical coefficients to those we found using perturbation theory. It is then very likely

that the subsequent orders of perturbation theory would follow the series.

C. Free particle with Dirac §

Consider a free particle within periodic boundary conditions on an interval (0, L). What
are the wavefunctions, energies, and degeneracies of the states? A perturbing potential of
the form V' = Ad(x — L/2) (periodically repeated) is added. What are the matrix elements
between any pair states for the perturbing potential? What is the correction to the energy
level for the ground state in the first and second order of perturbation theory? What are the
energies and wavefunctions of the first excited states within the first order of perturbation
theory? What is the first order change of the wavefunction of the ground state?

Solution:
U, = \% exp(2minx

) , where L

The states of a particle within periodic boundary conditions are

is the length of the box and n is integer. For constant potential equal to zero, only kinetic

2h%n2, 2

energy contributes to the total energy, so that F, = =7-n® The ground state is non-

degenerate and all the excited states are twice degenerate, as the states with both positive
and negative n occur.

The matrix elements of the perturbing potential are

(m|V'|n) :% /OL e TS (g — g)eﬁ”’w
— 2o bt
:%emm—m)
The matrix element is thus £ for pairs of states with (n —m) even and —2 for (n —m) odd.
The first order correction to the energy of the ground state n = m = 0 is then AE} = %.

This means that for A > 0 the potential is repulsive and the energy increases while for

A < 0, the potential is attractive and the energy is lowered.
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In the second order we need to evaluate
JV'0)?
ap® =y N .
je(zoy 0T
In this case the matrix elements of the perturbation between the ground state and the

excited states are all non-zero. Fortunately, they are all i% so that their squares are simply

‘2—;. The energy of the unperturbed ground state is zero (¢ = 0) and the energies of the

2h%m2

o n?. We thus find for the correction

2) 2
AE{S - Z 2LhQﬂ2n2

je{z—0} 0— mL2

A’m 1
"~ o
je{Z-0}

APm N1
SRR

=17

excited states are E,, =

The summation over inverse squares is known as the “Basel problem”, posed in 1644 and
was first derived by Leonhard Euler almost a hundred years later. The sum equals 72/6.
The final correction is thus

A?m 7

hin2 6

A’m

6h°

As expected for the second order energy correction to the ground state, AE(()Q) is negative

AE =

and always lowers the energy.

The excited states are twice degenerate, we therefore need to diagonalise the partial
Hamiltonian of the perturbation corresponding to these states to find their energies in the
first order of perturbation theory. The partial Hamiltonian contains the diagonal matrix
elements (n|V’|n) as well as the elements of type (n|V’| —n). In both cases, the matrix

elements are A/L and the matrix to diagonalise is

A1
sub — Z 11
The eigenvalues of this matrix are 0, for the state \/Li(|n> — | —mn)), and 22 for the state

\/Li(|n> + | —n)). This result can be simply explained considering that

1 12
E(|n> —|—n)) = Z\/;SZH(QWTLI/L),
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which equals zero for x = L/2 and thus is not affected by the potential. The second state is
then

1 2
i)+ 1= m) = \Ecos@m/m ,

which has a non-zero value for z = L/2.
We now calculate the correction to the ground state wavefunction. The first order cor-

rection reads
V/
0y = 0y 4 37 LV
je{Z—1} €i €
Inserting the matrix element of the perturbation

[i) +Z

l

je{Z—i}
For the ground state ¢ = 0 and we obtain
1 2"”” A 171']
1 —=e
|0(1)> :ﬁ + vL 2h2ﬂ2 >
je{z—0} - mL2

. 1 mL2 1 A Z e L e ‘

- T 952 2 T )
VL mVLL o=

1 mAVL Z P

- o 2 9 ) ‘
VL 2h iz J

We now change the summation from all integers, except for zero, to summation over natural

numbers (1 to 0o), putting the —j term together with the +j term

1 mAVL i e'm [e% + e‘%] 1 mAVL & 003(2”"”)

VL o2 -

oMy = =
‘ > j2 \/_ hQﬂ-Q

j=1 j=1
We see that all excited states contribute to the first order correction to the wavefunction.

For the interesting point of = L/2 we obtain

1 mAVL K (—1)cos(%7E)
\/f h2r2 Z jz

1 mAVL Jcos(my)
VI R Z

$(L/2) =

j=1

j=1
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Since cos(mj) = (—1)7, we get

o (L)2) =

1 mA\/Ei(—U?J‘
VA el A &
1 mA\/Zi 1
_\/f h2 72 = 42

1 B mA\/EW_Q
VL Rin2 6
1 mAvL

VL  6R

The sign of the correction is correct — when A > 0, a repulsive potential is present and

the density will be reduced, for the opposite case of an attractive potential, the density will
increase.

Interestingly, one can see that the second derivative becomes infinite. This agrees with the
fact that for the ¢ potential, the exact wavefunction contains a jump in the derivative in the
point of the potential. We try to model this potential with smooth functions which can reach
the exact result only in the infinite limit. An exactly the same problem of slow convergence
of the wavefunction with the number of excited states considered is encountered when using

perturbation theory for the many-electron problem in atoms, molecules, and solids.

D. LHO with Az?y? perturbation

A particle with mass m moves in the z-y plane in a 2D isotropic linear harmonic oscillator
potential with a frequency w and centered at origin. The particle is subject to an additional
perturbing potential of the form V' = Ax?y?. What is the energy of the ground state to
within second order perturbation theory? What are the energies of the first and second
excited states in the first order of perturbation theory?

Solution:

The unperturbed Hamiltonian is

2 2
Dy py 1 2 2
Hy=Fe  Pv o 2
e L SR R
the corresponding eigenstates are 1, (z) ® ¥,,(y) = |nm) and the eigenenergies E,,, =

hw(n +m+1).
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The corrections to the original energies can be simply evaluated when the perturbing
potential is rewritten using the lowering and raising operators for the LHO. As x = \%(a +
a™), we obtain

V' = A%(aﬂ +at?+2ata+ 1)@ B+ + 2T+ 1),
where a acts in the = space and b in the y space. We see that non-zero matrix elements
between different states occur when the quantum number n is either lowered or decreased
by two or stays constant. The same (but independent) requirement holds for the quantum
number m. This means that, for example, the diagonal matrix elements will be non-zero as
both indices stay constant (e.g., matrix elements of the type (nm|V’|nm)).

The first order correction to the ground state energy is obtained as the matrix element

of the perturbation

o

(00[V'[00) =A=-(00(a® + at’ +2ata+1)® (0° + b7 + 267b + 1)]00)

4
:A%(oywa +1]0) ® (0[2b%b + 1]0)

:A%(O]1|0> ® (0[1]0)

:A—
4 Y

where we used that a|0) = 0 and that the matrix elements of the squares of lowering or
raising operators are zero.

In the second order correction to the ground state energy, only states |20), |02), and |22)
will contribute as for V'’ all the other states have zero matrix elements with the ground state.

The contributions are

[(00]V"[20) 2
€0 — €20
_ e [00]” @ (2b%D + 1)[20)
16 hw — 3hw
:A2O‘_8(\/§' D

16 —2hw
2 a®

16hw’

AE(|20)) =

where we wrote only the relevant operators of the perturbation on the second line. The

contribution of the state |02) will be identical.
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The correction to the energy from the state [22) is

/ 2
AE(22)) L0012
€0 — €22
_ 420" (00]a® ® 12[22)?
16 hw — Shw
16 —4dhw
,
16hw ’

Hence the same correction is found also here, so that the total ground state energy through

second order is

a8

16hw
There are two first excited states, namely |10) and |01), each with energy 2hw. For

( a’ 2

degenerate states we need to diagonalise the partial Hamiltonian within the subspace of the
degenerate states. However, in this case one can see that (10|V’|01) = 0 since each quantum
number changes by one and such states are not coupled by the perturbation. Therefore, the

energies of both the states will remain degenerate and will shift by (10|V’|10), which is

4
(10[V’[10) :A%<10(a2 +at?+2ata+1)® (B® + b7 +207b + 1)]10)

4
:A%<l|2a+a +1)1) ® (0[2b%b + 1]0)

4
:A%<1|2a+a +1]1) ® (0]1]0)

4
(8%
=342
345

There are three excited states, |20), |[02), and |11). The state |11) has zero matrix

elements of the perturbation with the other two states and will shift by

4
(11|V'[11) :A%(ﬂ(a? +at? +2ata+1) @ (B + b7 4+ 2670 + 1)[11)

4
:A%<1|2a+a +1)1) ® (12b%b + 1[1)

a4

—A=—3-3
4

a4

—9A%
945

The matrix element of the perturbation is non-zero between states |20) and [02) so we

need to calculate and diagonalise the partial Hamiltonian. For this, we need (20|V’|20) which
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will be identical to (02|V’]02) due to the symmetry of the perturbation, and the coupling
element (20]V’|02), which is again identical to the conjugate (02|V’|20). We obtain

Ry

(20[V"|20) =A~(20(a + a*? +2ata+1) @ (0° + b + 207b + 1)]20)

4
:A%@pcﬁa +1]2) ® (0]1]0)

4

ZAO‘Z5 1
4

[0

—5A—
4 )

for the diagonal part and
4
(20[V]02) :A%(2O(a2 +at 4 2ata+ 1) @ (B + b + 2bTb + 1)]02)

Oé4 2 2
=A—(2[a™710) ® (Op7|2)

O/l
:AZ\@- V2
A

2

for the coupling element. The partial Hamiltonian is then

ot [5 2
Hop 00 = AZ )
25

4

which has eigenvalues (5 £ 2)A%-. For A > 0, the lower energy state with E = ?)A%4

corresponds to a combination \/Li(|20) —02)) and the higher energy state with £ = 7A%4 is

the combination \/ii(|20> +(02)).

III. ANGULAR MOMENTUM
A. Lim 3004

Calculate the expectation values of L, and L2 for a state with angular momentum /% and
a projection onto the z axis mh.

Solution:

The expectation value of L, can be obtained using the commutation relations for com-

ponents of angular momentum: ihL, = [L,, L,]. Hence

1 1
(Le) = {iml Ly, Lolltm) = —(im|Ly L = L. Ly|im)



19
We now use L,|lm) = hm|lm) (and its conjugate) to find
1 1
(L) = E(lm|mhLy|lm> — E(lm\mhLy\lm) =0.
Alternatively, we can make use of the rising and lowering operators for angular momentum
Ly="L,+iL,L_=L,—iL,.

Which gives L, = £(Ly + L_). As

Li|lm) = ha/I(1 + 1) — m(m £ 1)[lm + 1),

we obtain

Umwﬂmw:%h¢KLFU—WWn+DﬂmWn+D

+ %h\/l(l + 1) —=m(m — 1){Im|lm — 1)
—0,

as the basis of the |lm) states is orthonormal.

The expectation value of the square of the L, operator can be obtained using the operator
of the magnitude of the momentum L? and of the projection into the z axis. As L? =
L2+ L2+ L? and (L2) = (L2), due to the symmetry of the problem, the expectation value
is (L2) = 3((L? — L?)). Using L?lm) = (L + 1)k*|lm) and L.|lm) = hm|lm), we obtain
(L%) = n2(1(1 + 1) — m?).

Using the raising and lowering operators, we have
, 1 1
Ly = Z(L+ + L )(Ly+L-)= Z_L(L+L+ +L L +L Li+L.L)

The expectation value of the squares of the raising or lowering operators is zero (as

(Im|L3 |lm) = c¢(lm|lm + 2) = 0) and only the mixed terms remain. They can be eval-
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uated as
1
(L%) :Z<lm\L,L+ + LyL_|lm)
1 1
:Zh<zm|L_\/z(z +1) —=m(m+1)lm+ 1) + Zh<zm|L+\/z(z +1) —m(m — 1)[lm — 1)
1

:Zh2<lm‘\/l(l +1) = (m+1D)(m+1—-1)/I(1+1) —m(m + 1)[lm)

- ih2(1m|\/l(l +1)—(m—1)(m—1+ 1)1l +1) —m(m — 1)|Im)

_}lhz(l(l +1)—m(m+1))+ ;1712@(1 +1) =m(m — 1))

:}an(m(l +1) —m(m+1) —m(m — 1))
=S+ 1)~ m?).

Which agrees with the previous result.

B. Lim 3007

A particle with spin S = 1 is in a state with an angular momentum of L = 2. A spin-orbit
Hamiltonian

H=AL-S

describes the interaction between the particles. What are the possible energies and their
degeneracies for this system.

Solution: The spin-orbit Hamiltonian does not commute with individual projections of
the spin and angular momentum, i.e. [L,,L-S] # 0 and [S,, L - S] # 0. The Hamiltonian
is, however, diagonal in the basis of the total momentum J = L + S and its projections
J.=L,+S..

The Hamiltonian can be rewritten using the operator of the magnitude of the total
momentum J? = L2 4+ S? + 2L - S, from which we find

L-S:%(JQ—LQ—S2).

The magnitude of the (L = 2) orbital momentum is L?|im) = I(I + 1)R*|lm) = 6h*|Im) and
for spin (S = 1) we have S?|ss.) = s(s + 1)h?|ss.) = 2h*|ss.) and are thus identical for all
the states.

The rules of combination of angular momenta give possible values for the total momentum

J=L+S,...,|L— S| Therefore, for L =2 and S = 1 we have J = 3,2,1. The magnitude
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of the total momentum is J2|.JJ,LS) = J(J +1)h?|J.J,LS), which, for the possible values of

J gives 1242, 672, and 2h%, respectively. As the expectation values of the Hamiltonian are
A 2 2
(H) = <JJZLS|§(J — L*— S%)|JJ.LS),
We get

E(J =3) =24n°
E(J =2)=—AR?
E(J=1)= —3AR*

which are 7, 5, and 3-fold degenerate, respectively.

C. Two spins — Lim 3034

Consider a system with two non-interacting spins. The first is in a state s = +1/2, the
second in a state sZ = +1/2. What’s the probability that the total spin is zero?

Solution:

Two particles with spin one half lead to total spin one with three-fold degeneracy and a
non-degenerate spin zero state. For the total spin equal to zero, the state is (taking z as the
quantisation coordinate)

1

V)

To be able to project on this state, we need to transform the s? = +1/2 state into the s?

|S=0,5.=0)= (| Tads) — [ {aTn))-

basis. The representation of the s states can be found by diagonalisation of the s, operator

matrix

(8)

h ({01
Sy = =
2\10
The eigenvalues are £17/2 and the states are \%(}) for the +7/2 state and \%(_11) for the
—h/2 state. That is, |s, = +1/2) = \%(!sz =+1/2) +|s, = —1/2)). Therefore,

1

s = +1/2,85 = +1/2) = —(|s2 = +1/2,5% = +1/2) + |s2 = +1/2,s% = —1/2) .

Sl

2



22

The projection on the zero spin state is then (in a short-hand notation)

(00]5 = +1/2,% = +1/2) = 2 ((habs |~ (Lats ) (| Pats) + | Tals))
= %((TAiB | TalB) + (Tads | Tals) — (date | Tate) — {aTs | Tals))
1 1
= 504+1+0+0) =3

(9)
The probability is
1
1(00]s2 = 4+1/2,58 = +1/2)? = 1

D. Lim 3017

An electron is prepared with projection of the spin +4/2 along the z axis.
e What are the possible results of measurement of spin along the z axis?
e What is the probability of finding these results?

o If we measure the spin along axis restricted to the x — z plane and rotated by an angle

0 from the z axis, what are the probabilities of measuring the different results?

e What is the expectation value of spin measured along the rotated axis, given the initial

projection along z?

Solution:

The measured electron spin will be +//2 along any axis. This can be shown by finding
the eigenvalues of the s, operator that describes the act of measuring the spin along =
axis. Its eigenvalues are then the only possible results of measuring the spin (given an
isolated system). We find the eigenvalues by diagonalising the matrix representation of the
s, operator in the basis of the states corresponding to measurement along the z axis. The
s, operator is given as
_h (01
“2\10

Sz

The eigenvalues are found by calculating the determinant of

=\ -1,
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therefore the eigenvalues are indeed A = +h/2. The eigenvector corresponding to A = h/2

is \%G) and the eigenvector corresponding to A = —h/2 is \/Li(fl)

E. Spin-spin Hamiltonian

Two particles (A and B) with spin 1/2 interact via Hamiltonian H = Js% - s?. Find the
eigenenergies of the Hamiltonian by rewriting it using the operators of the magnitudes of
the spin.

Solution:

The problem is analogous to the problem of spin-orbit interaction. The dot product in
the Hamiltonian does not commute with the operators of the projections of the individual
spins into the z axis. We therefore introduce the total spin S = s ® 1z + 14 ® s? and
its projection S, = 54 ® 1p + 14 ® 5, which communte with the Hamiltonian. By the

rules of combination of angular momenta the total spin can be either S = % + % =1or

S:

% - % = 0. In the first case, three projections are possible, in the latter, only one.
To find the new eigenvalues we rewrite the dot product using the operator of the magni-

tude of the total spin
S?2= (54458 =54 ®@1p+ 14 ® 55+ 25158, (10)

Hence

1
SA-SB:§(S2—S?4®1B—1A®SQB). (11)

The action of an operator of the magnitude of the spin is s%|ss,) = h%s(s + 1)|ss,). For
particles with spin s = %, we obtain %hz. For the triplet states with total spin S = 1, we
get 2% and for the singlet state with spin S = 0 we get 0.

The energies are then for triplet

J 3 3 J

E(T) = =(2n* — ~h* — ~h%) = =h° 12
(T) = S0 =SR2 = 2n%) = & (12
and for the singlet state
J 3 3 3J
E(S)==(0—-h*— =A%) = ——h". 13
(8) = 50— 10 =) = -2 (13)

This agrees with the results obtained by exact diagonalisation.
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F. Spin-spin Hamiltonian in matrix representation

Two particles (A and B) with spin 1/2 interact via Hamiltonian H = Js* - s%. Write
the matrix representation of the Hamiltonian in the direct basis. Find the eigenvectors and
eigenvalues of the Hamiltonian.

Solution:

The Hamiltonian reads As” - s, where the dot product stands for
SA'SB:Sf(X)Sf—FS?@SZB—l—S?@SE.

The matrix representation of the spin operators (s, etc.) in the standard quantisation along

z axis uses the Pauli matrices

{01
Sy = =

2110

0 —:2

KR P

A1 0
S, = =

2\0 -1

The basis functions are spin up and down along the z axis: | 1) = (}) and | |) = (}).

Calculating the expectation values of the spin components using these vectors gives zeros

h

h
5 or —3 for the z component, as expected.

for the x and y components and either
The Hamiltonian is written as a direct product of the spin matrices, it can be thus written
as a 4 x 4 matrix. We will go from the direct product of two 2 x 2 matrices to the 4 x 4

matrix using the following scheme:

Aa A Ba Bp

A B Q Ay A6 By B¢6
@ B _ A Y (14)

C D v o Ca CS Da Dp

C~r C6 Dv Do

This corresponds to a basis set | 1), | 1)), | {1), and | 1)), where the first spin is of the A
particle and the latter of the B particle.
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For example, the part of the Hamiltonian originating from the z components is

10 00
R{1 0 A1 0 210 -1 0 0
J— R — = J— (15)
2\0 -1 2\0 -1 4100 -10

00 01

This shows that for H = Js2 ® sZ there are two energy levels, one with aligned spins (H;
for | 11) state and Hyy for | ||) state). In this case the energy is E = %QJ . For the usual
ferromagnetic ordering, J < 0 and this will be the (degenerate) ground state. The states
with anti-parallel spins will be higher in energy. Anti-ferromagnetic order can be observed
as well in some materials and then J > 0 and the anti-parallel states have lower energy than
the states with parallel spins.

The parts of the Hamiltonian corresponding to the x and y components can be calculated

analogously to the z component, for x we obtain

0001
h{01 {01 R10010
J= ® = = J— (16)
2\10/ 2\10 410100
1000
and for y
0 00 -1
h{0 —i B [0 —i Rl 0 01 0
J= = = J— (17)
2\i o0 2\i 0 41010 0
—-100 O
Overall, summing these three parts, we obtain the Hamiltonain
1 0 00
|10 -1 2 0
H=J— (18)
4102 -10
0 0 01

We see that the Hamiltonian is not diagonal in the direct product basis, specifically, the
states with anti-parallel spins are not eigenvectors of the new Hamiltonian. In contrast, the

states with aligned spins are still eigenvectors. To find the new states with anti-parallel
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spins we need to diagonalise the part of the Hamiltonian corresponding to these two states
Hoii = J— : (19)

For the eigenvalues we readily obtain €; » = —1+2 corresponding to vectors \/Li (i) = \/L§<| e
) +1]41)) and \/Li(fl) = \/Li(| ) — | I1)). The energies of these two states are %QJ for the
first and —%J for the latter. Therefore, the state with symmetric spin wavefunction has
the same energy as the states with both spins up or both spins down. Together, they form
the triplet states with total spin S = 1 and projections S, = 1,0, —1. The state with anti-
symmetric spin wavefunction is the singlet state with S = 0 and only possible projection
S, = 0. This can be verified by explicitly applying the operator of the magnitude of the
total spin S? (TODO) .

G. Coupling of momenta

A spin h/2 particle is bound in a spherically symmetric potential and is in a state with
orbital momentum [ = 1A. What are the possible values of the total momentum and the

projections onto the z axis?

3h

5 and j = % that can be written in the product basis

The particle is in a state with j =

as

2 1 1 1
W) = ’j :3/27jz = 1/2>l>5> = \/;u?lz =0;s,5, = +§> + \/;Uulz =1;s,5, = _§>

e What are the respective results when the operators j2 and j. act on the state |1)?

e Verify, that the state |¢) is also an eigenstate of the operator j, =1, ® 1+ 1® s, in

the product basis of the original states.

e Rewrite the operator of the magnitude of the total momentum j2 = (I®1+1®35)? using
the operators 12,1,,1_,1,,s% s.,5_,s, and verify that the state [¢) is an eigenstate of

j*.

Solution:
The rules for combining angular momenta give two possible values for the total momen-
tum: j = % and j = % The possible projections are j, = %, %, —g, and —% for the first

and j, = g and —g for the latter.
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The state [¢)) corresponds to j = 2 and j, = 2, after acting with j2 we obtain

33 15
%5 =3/2,7.=1/2,1,8) = §(§+1)h2|j =3/2,j,=1/2,1,5) = Zh2|j =3/2,5.=1/2,1,5).

For the projection onto the z axis we obtain

]z|j :3/2a]z = 1/2,[,8) - §|J :3/2a]z = 1/27l73>-

We will now use the product basis where operators of the individual momenta act. For

the projection onto the z axis we obtain

L®1+1® sz)[\/gﬂ,lz =0;s,8, = +%> + \/gu,lz = 1;s,8, = —%H
= \/g(lz @ 1|, 1, =0;s,s, = —|—%> + \/g(sz @ 1)|l,1, =0;s,s, = +%>
" \/gaz UL =155, = ) + \/g(sz @l =155, = —3)
= \/gOMZ,Zz =0;s,5, = —I—%) + \/ggﬂ,lz =0;s,5, = +%>
+ \/ghﬂ,lz =1;s,s, = —%) - \/ggﬂ,lz =1;s,5, = —%)

h /2 1 h /1 1
= —+/=|l.1. = 0: S SR — 1 - =
2\/;%[2 0;s,s, —|—2> + 2\/;\l,lz 'S, 8, 2)
h

=S¥

2

That is, the results obatained in the product and coupled basis are identical, as they should.

The operator of the magnitude of the total momentum ;2 can be expressed as
P=1le1+1s)="rR1+12s*+2,®s5, +2,®s,+2,®s,).

Using I, = 3(l4 + 1) a l, = 5-(I4 — I_) and similarly for the spin component, we rewrite

the x and y components as

ly @5, +1, @5y =
1
4

1
:E(l7®5++l+®87>.

(14412 ® (54 +52) = 3014 1) ® (51— 5.)

Overall, we have

P=Ce1+10*+1_ s, +1, ®s_+2,®5,).



28

The state [1)) is an eigenstate of both I? and s?, with eigenvalues 2h* and %, respectively.
The remaining contributions can be found by explicitly applying the operators on the states.

For the first remaining term

2 1 1 1
I ®S+[\/;‘lalz =0;s,8, = +§> + \/;]l,lz =1;s,5, = —§>],

1

the action on the first component will give zero, s, |s,s, = +5

2) = 0, as the spin projection

onto the z axis is already maximal. We then have to evaluate
1 1
- ® s+\/;l,lz =1:s,5, = _§>
1 1,1 1 1 1
:JfVT 1(1+1 —11—4.¢—- D= (—=) (== +D|l,I.=0;s,5, = =
1 1
= h2\/;\/§\/1|l, lz = O; §,8, = §>

2 1
= hQ\/;l,lz =0;s,s, = 5)

In the term

2 1 1 1
l+ ® S_[\/;N,lz = O;Sasz - +§> + \/;“,lz = ]_;S,SZ = —§>]7

the second contribution will be zero as the [ projection is the largest and the spin projection

is the lowest possible. We therefore need to evaluate
2 1
l+ ® S_\/;”,lz = 073,82 = §>
2 1,1 1.1 1
= h? —1¢ 1) — 1¢—— - (=) (==D|,l.=1;s,58 = —=
1
\/7\/_\/_\ll —1sszz—§>

— 15,5, = —=).
s, 2>

=h? 1,
.

Finally, the term containing the projections onto the z axis becomes

2 1 1
2lz®sz[\/g|l,lz =0;s,s, :+§) \/>|l l,=1;s,8, =
ho [2 1 1
o)y 2 = 0ss =+ \ﬂu =)
1 1
——#v;L@:n&&:—?.
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Summing the last three results we find

(C@si+1y@s +2.@s.)[Y) =

_rﬂ\[uz =0;8,5, = - >+h2\/_|ll =1;5,5, = — 2>
1
—rf\/;u,z 1532_——

2 1
:hz\/jﬂ,lz:O;s,sz— +h2\/7|ll _1353_—§>
_hQ\/>|ll OSS——)—{—\/j“l:lSS :_1>]

z 3 ) vz 3 9y Oz 2

=1*|y) .

Therefore, [1)) is an eigenstate of the operator 2/ - s with an eigenvalue of h%. Together with
the contributions of 1? and s? the total eigenvalue of j2 is (24 2 4+ 1)h* = 134%, as it should
for j = %h.



